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(or a subgroup of it) holds.
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1. Introduction

In the last years there has been a remarkable progress in understanding the structure

of String Theory at tree-level in the perturbative expansion, that is, in the supergravity

limit. Flux compactifications [JJ] have provided us with a helpful framework which partially

addresses long-standing problems such as moduli stabilization or supersymmetry breaking.

However, despite this progress, the resulting message continues to be that non-perturbative

and string loop corrections play an indispensable role, mainly due to the generic presence

of remnant flat directions in the scalar potential and the difficulties of obtaining a chiral

spectrum in their absence.

The computation of o/ and non-perturbative corrections to the effective theory is still in

an early stage, even for cases where a description in terms of a free CFT is available. Much



effort has been pursued on understanding the role of A" = 1 euclidean brane instantons [H].
These may turn out to be useful for generating new couplings in the superpotential [f—[],
moduli-stabilization [[[(] or supersymmetry breaking [[T]. Moreover, the one-loop string
corrections to the Kéhler potential computed in [[[Z], have been shown to play an important
role in large volume scenarios [[[J], leading to a hierarchy of mass scales without the neces-
sity of a big amount of fine-tuning. Additional one-loop string corrections to the Kéhler
potential have been computed in [f, ] for toroidal compactifications (see also [[[4], [[]).

In this note, we analyze multi-instanton and one-loop string corrections arising from
N = 2 sectors in toroidal orbifold compactifications of type I String Theory. These gener-
ically correct the Kéahler potential, K, and the gauge kinetic function, f,, of the effective
theory, and therefore may play an important role in phenomenological scenarios with clas-
sical flat directions. For this aim, we follow the techniques introduced in [If], and build
type I-heterotic S-dual pairs of orbifold models.

Schematically, the procedure can be summarized as follows. The one-loop physical
gauge couplings in the heterotic side take the expression,

_ ka | ba, M2 A (M,M)
47729@ 2(,u2)|1—loop = 7 + ZlOg ,u2 + f > (11)

with £ the linear multiplet associated to the dilaton, M, the string scale, M the moduli of
the compactification and k, the normalization of the gauge group generators, determined
by the level of the corresponding Kac-Moody algebra. The (-function coefficient, b, is
given in terms of the quadratic Casimir invariants of the gauge group,

bo =Y _n.Tu(r) — 3T, (adj,), (1.2)

with n, the number of matter multiplets in the representation 7.
On the other hand, the field theory result reads [, [[],

_ ba M3
47T2ga 2(N2)|1—loop = Re fa(M)|1—loop + Z <10g% - IOg(S + S)>

1 . _ _

+5 (caK(M, M) =2 " Ty(r)log det Z,(M, M)) . (1.3)
T

where det Z, is the determinant of the tree-level Kdhler metric associated to the matter

multiplets in the representation r, K (M, M) the tree-level Kihler potential for the moduli

M and,

o= n,To(r) = T(adj,) . (1.4)

In order to compare ([.]) and ([.3), it is convenient to express the relation between the
usual complex axiodilaton S and the linear multiplet £ as,
1

1
- = - _Auniv. 1.
7 Re S 1 (1.5)



with Aypniv. & gauge group independent (“universal”) function. In what follows we split
Aniv. in its harmonic and non-harmonic parts,

Auniv. (M, M) = Viy) (M, 1) + H(M) + H* (M) (16)

In terms of these, the Kéhler potential and the gauge-kinetic function of the N' = 1 effective
theory are given to one-loop by [[§-R(],

1 _ . _
Kictaop = —1og (5 +5 = V) (M,01) ) + KL 30), (1.7)
1 _ _ . _
Re falitoop = kaRe S+ <Aa(M, M) — Vigy (M, M) — ¢, K (M, M)

—2) Tu(r)log det Z.(M, M)> (1.8)

We can then reinterpret the results in terms of £1 multi-instanton and string loop correc-
tions on the type I side, as K and f, should be invariant (up to Kéhler transformations)
under S-duality transformations.

In the present work, we consider in detail two classes of models on which the heterotic
S-dual partition function can be easily worked out: the Bianchi-Sagnotti-Gimon-Polchinsky
(BSGP) orbifold [R1], 9], with gauge group U(16) x U(16), and the Zg X Zs freely-acting
orbifold model with gauge group SO(q) x SO(32 — q), presented in [[f] and based on the
model of [PJ] (see also B4]). The motivation is multiple. First, based on the modular
symmetries preserved by the scalars in Calabi-Yau compactifications, and more precisely
on the axionic shift symmetries, it has been argued in [R5 that non-perturbative corrections
to the gauge kinetic function should appear in an exponentiated form, exp(2w M), with M
the corresponding moduli. Our results on the BSGP orbifold show indeed that global
symmetries constrain very much the shape of multi-instanton and string-loop corrections
and, with few extra assumptions, they are completely determined in models on which
modular invariance in the moduli space of the compactification applies.?

The freely-acting SO(q) x SO(32 — q) orbifold model represents, on the other hand, an
example on which part of the original modular symmetry is broken by the compactification.
A remarkable fact, already pointed out in [[[f], is that E1 instantons in this model always
appear within multiplets under the orbifold action (doublets or quadruplets). We believe
that this may be a general feature of flux compactifications, where the fluxes gauge some of
the original symmetries and induce non-trivial discrete torsion. It is therefore interesting
to see how non-perturbative and loop corrections are affected by the “background” in this
simple example. Moreover, it was also observed in [[§] that, in the heterotic S-duals, the
orbifold action on the winding modes was different for ¢ = 0 (mod 8) or ¢ = 4 (mod 8),

We have defined S in such a way that the harmonic part of the universal threshold, H (M), naturally
corrects the holomorphic gauge kinetic function. Notice that this is always possible since the chiral field S
has no fixed relation to vertices of string theory.

2For previous works on the role of global symmetries for determining non-perturbative and string loop
corrections, see [@, E]



pointing out a possible dependence of the type I instantonic effects on the rank of the gauge
group. It is also our aim to make this dependence explicit.

Although similar computations to the ones performed here have been carried out e.g.
for R* R4, BT, F* 27, 9 B1] and the four hyperini [BJ] couplings, this is to our knowledge
the first explicit computation of stringy multi-instanton corrections to the Kahler potential
and the gauge kinetic function. We hope that these results will help to shed some light on
some of the issues raised in the previous paragraphs, and more interestingly, to clarify the
possible role of these corrections in phenomenological scenarios.

The paper is organized as follows. In section ] we construct the partition function for
the heterotic S-dual of the BSGP orbifold model, and extract the £1 multi-instanton and
one-loop string corrections to the Kahler potential and the gauge kinetic function in the
resulting effective theory. In section [} we proceed similarly with the SO(g) x SO(32 — q)
freely acting orbifold model. We comment on the possible “universality” of some of our
results and discuss possible generalizations in section [. Finally, we give some concluding
remarks in section f|. We have relegated all the details on the computations to the appendix,
in order not to overload the bulk of the paper with many technicalities.

2. The Bianchi-Sagnotti-Gimon-Polchinski orbifold

In this section we consider the BSGP type I orbifold model [R1, RZ], corresponding to the
T*/Zy x T? orbifold limit of type I String Theory compactified on K3x T2, In order to can-
cel the RR tadpoles, 8 D5-branes and 16 D9-branes are required. For D5 branes lying on top
of an orbifold fixed point, the complete massless spectrum has a U(16) x U(16) gauge group
with hypermultiplets in 2(120,1) + 2(1,120) + (16, 16). In the Coulomb branch, where a
half D5-brane is located at each of the 16 fixed points, the Green-Schwarz mechanism takes
place and only the U(16) gauge group from the D9-branes remains massless, with spectrum
given by four hypermultiplets, containing the moduli of the K3, three vector multiplets con-
taining the axiodilaton and the moduli of the T2, a 1204120, and sixteen 16 coming from
the D5-D9 modes. The coefficient of the S-function turns out to be by (16) = 12. Perturba-
tive threshold corrections to gauge couplings [Bg] depend on the moduli of T2, denoted T}
and U; in what follows. Since the dilaton S and T}, U; are in N = 2 vector multiplets in 4d
language, this is consistent with supersymmetry. A priori we expect non-perturbative cor-
rections to depend nontrivially on the three vector multiplets, and to be insensitive to the
T*/Zy moduli, called T3 3 and Uz 3 in what follows. We will show, by performing explicitly
the computation using the heterotic S-dual, that this expectation is indeed correct.?

2.1 Heterotic S-dual partition function

We want to find the one-loop partition function for the heterotic dual of the BSGP model,
proposed in [BY] for the above Coulomb branch. In [i(] it was shown that this corresponds

3Due to the nature of our approach, based on type I-heterotic duality, all the computations are carried
out at the orbifold point. In particular, we do not consider blow-up modes which would lead us out of the
orbifold point, and are massive due to the above Green-Schwarz mechanism.



to a standard SO(32) heterotic 7% x T*/Zy orbifold with shift vector V' = (1,...,1,-3).

The various orbifold blocks are then as follows. The left-moving fermions contribute as,*
1
h 1 a a+h
7 _ _q)atb+ab+bhg2 [ ] 92 [ ] ’ 21
LL]2¢2;<> o (h (21)

with h,g = 0,1 labelling the different untwisted and twisted orbifold sectors.
Analogously, the bosonic T* blocks read,

4
0 2223 h 27’}
Z = —= d Z = for h 0. 2.2
(4,4) [0] IE an (4,4) LJ 9 [l—h] , for hg # (2.2)
1—g
Here we have defined the toroidal lattice sums Z, as,
2
. Re T, m(Re T}) . T
Z, = —2nT,det(A) — ——= (13U, ) A , (2.3
p ;:gexp nT,det(A) (Re T)) ( ZU) <_1> (2.3)
n1,£1,Nn2,£2

A:<m&>, (2.4
no 52

with n; and ¢; integers. For the right moving fermions we find,
L h
h 1 _imhg 16 | @ — 3
r LJ =5 D (—1)getihem T 10 [b_ ;] . (2.5)
a,b=0 2

Putting everything together we finally get the one-loop partition function for the heterotic
dual of the BSGP model,

dr 21 2223 0 2n 4 0
T = 3 A8 o o) T o= Qu) || T
L s [@reatier o] - @-aa ] o [1]
v@r a2 [ @ —aol2[ r[! (2.6
S C 04 0 S (4 03 1 bl N
where,

1

Q0+QU = 2—,’74(19%_19111_19121_1921) ’ (27)
1

Q0 Qu = (030t~ 03— 980 ok, 29
1

Qs - Qc = 2—774(19%193 + 19?’)19% + 1922119% - 19%19421) ) (2'9)
1

Qs + Q. = 2—774(193,193 — 0303 + 0707 + 0107 . (2.10)

4In order not to overload the expressions with notation, we have omitted the arguments of the modular
functions. Unless explicitly stated, these are implicitly understood to be functions of 7. Moreover, theta
functions are evaluated at the point v = 0, as usual. For definitions of the various modular functions, affine
characters and orbifold blocks, see e.g. @, @]



2.2 Perturbative and non-perturbative corrections

Following the general discussion around ([L.1)), our task here is to compute the one-loop
threshold corrections to the physical gauge coupling in the heterotic model (R.6), as these
are mapped to one-loop and E1 multi-instanton corrections in the BSGP orbifold. In terms
of the partition function, these are given by [B3-Bj,

_boaey, M2 Auae _ [T i 1o~ (V] (e 1 a
A= 4 log ,u2 + 4 = F;gwagz:oa‘r 1 <Q _47TT2> C {b} 5 (211)

where @ is the charge operator of the corresponding gauge group, and C [‘;] is the internal

six-dimensional partition function. Following the same procedure as in [[§] we find,

1 d’r 5 .
P 2.12
: /f 24y (2.12)
with,®
. 1 24 1 ~ 5 o T 3
Af = 20024 (D100 — 48077) = 12124 Eabakis — b — o4 ) (2:13)

and Z; given in (2:3). The definitions of the Eisenstein series, Eag, can be found for
instance in the appendix of [[L{].

The details of the computation are in appendix [A.1]. Notice that the numerator of Af
is an almost-holomorphic modular form, its non-holomorphicity being exclusively due to

the presence of Eg,

Ey=FEy — 3 (2.14)
T2

As it will be made more explicit below, these non-holomorphic terms can be traced back
to perturbative and non-perturbative corrections to the Kéahler potential of the effective
theory.

Both, Z; and /lf, are invariant under the full modular group I', so we can directly
apply the method of Dixon-Kaplunovsky-Louis (DKL) [B4] to evaluate the integral in (2.19).
This consists of depicting the lattice sum, 21, into orbits under the modular group, and
evaluate the integral for each class of orbits in a suitable unfolded region of the upper
complex half-plane. The matrices (R.4) can be classified in three kind of orbits under the

)

5The modular covariant derivative Dy is defined as,

modular group,

1. Zero orbit:

Do=Lo, + 32
™

TT2



2. Non-degenerate orbits:

o)

with k> 7>0,p#0and AV = AV' it V.=V’ for V,V' €T.

o3)-

with (j,p) ~ (—j, —p) and AV = AV"iff V. =T"V’, for some integer n and V, V' € T.

3. Degenerate orbits:

We therefore unfold (2.19) into three integrals corresponding to the above representatives.
Non-degenerate orbits are integrated over the double cover of the upper half complex plane,
C*, whereas degenerate orbits have to be integrated over the fundamental domain, Fr, of
the subgroup generated by T', for arbitrary j and p. The details of the computation can be
found in appendix [A.]]. Putting all pieces together and disregarding constant terms arising
from the regularization scheme, we obtain,

s , m E(iUy,2)
A= =-ReT; — 3(1 4 mn - =2 s
2Re 1 3 (log|n(iUh)|* + log[(Re Uy)(Re Tt)p?)) 3T T T
1 1 . 1 AU
—— Z ]{j_e_2ﬂ—ka1 Af(u) + T?K(z_l) + c.c. (215)
k>j>0,p>0 P mhp L1+ 4

where E(U, k) is the non-holomorphic Eisenstein series of order k, defined as

1 (Im U)*

EUR) = v Y (2.16)
2k 2k’

C2E) ot i+ 22U

and A the almost-holomorphic modular form,

A 1 .
A = W(E2E4E6 +2E2 + 3E%) . (2.17)
The second term in (R.15) matches precisely the one-loop threshold corrections com-
puted in [B§], whereas the second line in (R.1F), corresponds to E1 multi-instanton cor-

rections. These are wrapping the first 2-torus, with induced worldvolume complex struc-

ture 2],

J+ipls
=T
as depicted in figure . Their contribution can be also expressed as a sum over standard

u (2.18)

Hecke operators acting on (almost-holomorphic) modular invariant forms,

1 5 kallA 1 AgU) ~ _2rNT, 7 1 Ag |,
> e PA U+ —— 2 =Y e VI Hy A — | (ilh)
k>j207p>0k:p ﬂ-kp Tl +T1 N=1 Nm T1 +T1
(2.19)
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(k,0)

Figure 1: E1 multi-instanton wrapping the first 2-torus, with induced worldvolume complex struc-

ture U given in (R.19).

with,

HN[CD](Z'U):% D cp(j +]ij> . (2.20)

p>0, kp=N k>35>0
It is thus evident that the invariance of (R.15) under SL(2,Z) transformations of Uy, in
agreement with the global symmetry preserved by the orbifold.
In order to extract from (R.15) the corrections to the effective theory, we need the
Kihler metric for the D9-D9 and D9-D5 matter fields. This is given by [F9, fJ],
1 1

Koo e — _ N o — _ _ . (221
T (T + To) Uy + Uy) o jgg @+ T+ o 2
for k =1,2,3, so that,
> Tu(r)log det Z,(M, M) = —16 log[(Ty + T1)(Uy + U7)]
-22 ) " log[(T; + T5)(U; + T;)] - (2.22)

7=2,3
From (L) and ([.§), then we read the following expressions for the corrected Kihler
potential and gauge kinetic function in the effective theory,’

: 1 Vicioop + VEI
K= —log(S+S)— Y log[(T; + T;)(U; + U;)] + = —=2—==, 2.23
0g(S +5) ;og[( +T) Ui+ U] + 55" (2.23)
4m E(iU,,2)

Victoop = — o 2.24
T 4T (224

1 e 2mkeT | A (U)  2ikp Eyo(U)
Ver=—— > 5 e + cc., (2.25)

T 1oi >0 p>0 (kp)* |Th+Th  U-UU)

7T : 1 e~ 2mhrTh
foaey =S+ —21 — 12log n(iUy) — 3 Z 3 ArUd), (2.26)
k>3>0, p>0 p

SWe have performed an expansion of the logarithm in eq. (B) around weak coupling.



where the holomorphic modular form Ay is defined as in (R.13), replacing Ej by E,. Sev-
eral comments are in order. First, observe that the S-function coefficient exactly matches
the field theory result. Moreover, the one-loop o/ correction to the Kéahler potential agrees
with the expression obtained in [f, @] by direct computation in the type I side. In our con-
text, these corrections come from non-holomorphic terms in the contributions of degenerate
orbits. Modular transformations of the 77 modulus mix the o/ corrections with the instan-
tonic terms, in agreement with the fact that T-duality is not a symmetry of type I String

Theory. Notice also that the loop correction of [[[J], proportional to (Re S)3/2

, 1S missing.
This is consistent with the fact that the internal torus has zero Euler characteristic, x = 0,
for which the coefficient in front of the above correction vanishes.

From the field theory perspective, the E1 multi-instanton corrections of eq. (P.19), enter
as corrections to both the Kéhler potential and the holomorphic gauge kinetic function. To
our knowledge, these are new corrections and their role in the low energy effective theory
still has to be clarified. In section [], we will argue that these non-perturbative corrections
are general for any A/ = 2 sector in orbifold compactifications where modular invariance of
the target-space holds.

Finally, the presence of the first term in the heterotic threshold correction (.19),
contributing to the gauge kinetic function (R.26), may seem puzzling at first sight. Indeed,
by a straightforward counting of the string coupling, this linear term in the 72 volume
modulus 77, is expected to be a tree-level (disk) effect on the type I side. On the other
hand, the 77 modulus in the type I Zs orbifold couples at tree-level only to type I D5
branes. A possible origin is the following. D9-branes in the BSGP model are fractional
and therefore its gauge kinetic function should receive a contribution proportional to,

~ Z Vdet(P[G + F)) Ty, (2.27)

where the sum runs over the 16 singularities of T/Zy and P]...] is the pull-back to the
collapsed 2-cycle of the singularity.” In the orbifold limit, the volume of the 2-cycle is zero
and therefore the contribution from the metric vanishes. However, as pointed out in [BY,
there is a non-trivial U(1) gauge bundle on the collapsed 2-cycles which, in the blow-up
limit, leads together with the 8 D5-branes to the 24 instantons which are required to satisfy
RR 3-form Bianchi identity, df3 = Tr R A R — Tr Fy A Fy, in a smooth K3. One therefore
expects a linear contribution to the gauge kinetic function of the D9-brane from this hidden
U(1) bundle at the singularities.

2.3 F1 instantons

Type I String Theory and its toroidal orbifolds have E5 instantons wrapping the whole
internal space and E1 instantons wrapping various two cycles, in our case instantons El1;
wrapping the 72 torus and various two cycles inside T*/Z,. Since the instantonic correc-
tions computed in the previous section depend on the moduli of the T2 torus, from the
type I point of view they should come from E1 instantons wrapping 72. These instantons
are of two different types, depending if they sit or not at Zs orbifold fixed points.

"We thank R. Blumenhagen for pointing out this to us.



e E'1 instantons at orbifold fired points. These instantons have unitary Chan-Paton
factors, U(r), with neutral sector given by :

— bosonic zero modes x,,, y1 2 and fermionic zero modes ©*¢, ©*, with a = 1,2
in the adjoint representation rt.

— bosonic zero modes y3 456 and fermionic ones A*“ in the symmetric represen-

tation —P(I‘;-l) + —F(Fgrl).

— fermionic zero modes A% in the antisymmetric representation r(r_2—1) + @
Regarding the charged zero modes stretched between the instanton and the corre-
sponding 1/2 D5-brane stuck at the singularity, we obtain:

— bosonic zero modes p'? from the R sector and fermionic zero modes w® from
the NS sector, in the representation r_; 4 ¥y, where the subscript denotes the
U(1)s charge.

— bosonic zero modes 4] 5 in the representation ri; +F_j.

Finally, from the E1-D9 strings, there is a bosonic zero mode v in the representation
rn +rn.

e E'1 instantons off the orbifold fixed points. These instantons have orthogonal Chan-
Paton factors SO(d). Here we simply give their neutral sector :

— bosonic zero modes z,,, y3 4,56 and fermionic zero modes ©%%, ©*% in the rep-

resentation w.

— bosonic zero modes y; 2 and fermionic ones A“%, A*® in the representation
d(d—1)

5

In order for the instantons to contribute to the gauge kinetic function, only four
fermionic neutral zero modes should be massless (corresponding to the “goldstinos”) [2F].
Therefore, most of the above zero modes should be lifted by interactions. A possible
qualitative picture is then the following.® First, notice that a U(1) instanton on top of a
singularity correspond to a “gauge” instanton for the U(1) gauge theory inside the corre-
sponding half D5-brane. These instantons are analogous to the ones discussed in [i§], with
the extra fermionic zero modes being lifted by couplings involving the D5-branes.? There-
fore they should be responsible for the l-instanton (N = 1) contribution in eq. (2.19).
Notice however that in this case there is a Higgs branch which consists of moving the
instanton out of the singularity, leading to a SO(1) instanton (plus its image under the
orbifold). In this limit, the instanton has too many zero modes and does not correct the
gauge kinetic function. Similar situations where instantons only contribute in a given locus
of their moduli space have been extensively discussed in [[]].

Hence, generically, for the N-instanton contribution in eq. (B.19), the moduli space of
the multi-instanton contains a subspace consisting on deformations of the instanton along

8We thank very much A. Uranga for suggesting this picture to us and patient explanations.
9N = 2 gauge instantons in String Theory orbifolds have been also extensively discussed in @]

— 10 —



the T*/Zy directions. In a generic point of this space the instanton gauge group is SO(1)",
and the number of fermionic zero modes is too high. However, in the special locus on which
all the components of the multi-instantons are on top of the same singularity, the instanton
gauge group is enhanced to U(/N) and only four zero modes survive, with the extra zero
modes presumably lifted by interactions with the D5-branes.

3. The SO(gq) x SO(32 — q) freely-acting orbifold

We consider now a slightly more complex class of models, given by the Zs X Zs freely-acting
orbifold with gauge group SO(g) x SO(32 — q) presented in [[[f]. As already mentioned in
the introduction, the motivation is two fold. First, to understand how non-perturbative
effects are affected by the presence of a “background”, breaking some of the original global
symmetries. Second, to make more explicit and shed some light on the dependence of the
E1 instantonic corrections on the rank of the gauge group for this class of models, as it
was pointed out in [[[§].
In the type I side, the orbifold action on the internal coordinates is given by,

(zt, 22 23, 2%, 2%, 2%) — (2! +1/2,2% —23, -2, —2® +1/2, —25), (3.1
(x17x27$37$47$57$6) - (_$1 + 1/27 _3:27:173 + 1/27:1747 _$57 _$6) )
(zt, 22 23, 21, 20, 2%) — (=2, —2?, —2® +1/2, =2, 2° + 1/2,2°) . (3.3)

The massless N’ = 1 spectrum can be read from the partition function (see [If] for details)
and contains one chiral multiplet in the bifundamental representation, (q,32 — q). The
[-function coefficient for the SO(q) gauge group factor then reads,

bSO(q) = 4q —-38. (34)

Due to the discrete shifts, modular invariance of the underlying (72)3 is broken to a sub-
group of it. Moreover, the E'1 instantons no longer appear as singlets under the orbifold
action, but rather as doublets or quadruplets [If]. This kind of behavior is expected to be
generic e.g. in flux compactifications, where the fluxes gauge some of the originally present
symmetries and induce torsional cycles.'®

3.1 Heterotic S-dual partition function

The partition function of the corresponding heterotic dual model was worked out in [[[§] for
the case ¢ = 0 mod 4. The action of the orbifold on the internal coordinates is given again
by a Zg X Zo action. We have summarized in table [l how each generator, f, g, h, acts on
the six internal coordinates and the gauge lattice. In addition, the action of each generator
is accompanied by a shift in the masses of the lattice states with (momentum, winding) =
(m,n) according to,

(m,n) = (m+sx,n+sy), X=Ffgh. (3.5)

10 A simple case are compactifications on solvmanifolds, corresponding to freely-acting orbifolds of toroidal
fibrations.
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generator | 1 | w2 | x3 | x4 | x5 | we | SO(q) | SO(32 — q)
g v+ -] -]-1-1 = +
f — =+ -] + -
h — | -T-T-1+]1+] + —

Table 1: Orbifold action on the internal coordinates and on the gauge degrees of freedom in the
fermionic formulation.

Worldsheet modular invariance (or equivalently level-matching in the twisted sectors) then

requires [Iq],

g =0mod 8 = Sfp=sp==5g=15p=s, =5,=1/2, (3.6)
g =4 mod 8 = sp=sn==5y=5,=1/2,8 =5, =0.

This is enough to completely determine the partition function. The concrete expressions
can be found in [[Iq].
Making use of changes of variables of the form,

d*r d’r
[ o= [ v, (37)
F T2 M-YF) T3
with M a modular transformation, it is easy to reexpress the partition function in the
more compact form,!!
dr 1] |1 217973
T:/ ———=—% | =(Too + Tog + Toh + Tof) ———
FesEesT-1(F) 3l 4{ [3 Pt e T e A
212

5 |4
+(Too+Tog—Toh —Top ) (—=1)™ T 23 19—772
2

(XoFxw) +

[T T — g (1) 2

ny ~ 1 |4n?
+(TOO_Tog_Toh_i_TOf)(_l)mz-l-nz-l-%Z2:| ‘ Ui

3

2
(Xo - Xv)} ) (3'8)

where the characters y, and x, are given in the fermionic formulation of the gauge degrees
of freedom by,

Xo = O32—q0q + C’32—qC’q y Xv = V32—qVq + 532_[15(1, (3'9)

with O,, V,, S, and C, the standard SO(r) affine characters. The lattice sums with a sign
insertion are given by,

(_1)m1+hn12i _ Re Tl Z (_1)hn1€1

T2

n1,01,n2,02
2

m(Re T) . (3.10)

Xexp —27T,_Z—17ldet(A) — m

(1iv:) 4 (_Tl>

HThese changes of variables are of course not unique. We could have equally chosen a different set of

modular transformations M (coset representatives), leading to a different integrand and integration region.
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and,

ny o

4= (m b+ %) (3.11)

The whole KK spectrum precisely matches the corresponding one on the type I S-dual
side, whereas the massive winding states and the massive twisted spectra are, as expected,
quite different. It should be also noticed that while the KK spectra are actually the same
for the two cases, ¢ = 0 and ¢ = 4 (mod 8), they are very different in the massive winding
sector. We refer the interested reader to [ for the concrete expressions of the partition
functions in the type I S-dual side and other details.

3.2 Perturbative and non-perturbative corrections

Starting with the partition function (B.§) and proceeding in the same way as we did with
the BSGP orbifold, it can be shown that the threshold corrections to the physical gauge
couplings (c.f. eq. ([[.1])) are given in this case by,

_ bsoqg), M  Aso)
Asog) = —; log 2 T
1 d*r mi4n1 & 4[0,1] mp4n,+22c 5 2[0,1]
=7 — (1) AL+ (=) TZA |, (312)
Fro@ 2 r=23
where,

S0.1 0393 F4(EyEy — Eg

AE‘,l](T) _ 374 ( ) (3'13)

127724

0,1 V392 2 4 16—q/2, 7 2 416—q/2, 2
AR (r) = 2 (0820, (B + 03— 0}) + 020 P (B - vh - 9h)] (319)

The details can be found in appendix [A.3. In order to perform this integral, notice that
the integration region,
Fro(2) = F @ S(F)® ST H(F), (3.15)

which we have represented in figure fl, corresponds to the fundamental domain of the

congruence subgroup I'g(2) C SL(2,Z). This consists of the modular matrices of the

form ({3, E4],
2a+1 b
1
( 2c 2d+1) (3.16)

The generators of ['g(2) are T and ST2S. Under these, AB?’QH transforms as,

A[0,1] T 3[0, 2[0,1] ST?S 110,
AEfo,zl] — A?,z” ; “45221} B (—1)q/4“4£‘(],21] , (3.17)

whereas Agfo’ll] keeps invariant. We can therefore classify the matrices (B.11) in orbits
under I'g(2) in order to unfold the integral (B.12), similarly to what we did for the BSGP
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Figure 2: Representation of Fr (2, the fundamental domain for I'(2).

model.'? There are four kinds of orbits (three non-degenerate and one degenerate), whose
representatives can be taken to be,

1. Degenerate orbits:

Sl

0 7+ b)
0 p ’

with (j,p) ~ (—j — 1,—p) and AV = AV’ iff V = T"V’ for some integer n and

V, V' e F()(Q).

2. Non-degenerate orbits:
iy L i1 ik —k—1
po (Pt o (PR o (PR R
0 b P 0 p 0

with k> 7 >0, p#£0and AV = AV it V =V’ for V,V' € Ty(2).

We can therefore unfold (B.12) into four integrals corresponding to the above represen-
tatives. The details are again relegated to the appendix. Putting all pieces together we

20ne could worry about the sign in the transformation of ABS'QI] under ST?2S, for ¢ = 4 mod 8. However,
this is automatically cancelled by the transformation of the lattice sum,

qny ~

2 np
(—1ymrtne ez, STE, (A (et 2, (3.18)

as required by modular invariance of () Alternatively, we could have performed an extra change of
variables in ) and reexpressed it as an integral over the fundamental domain of I'o(4) C I'g(2), given

by modular matrices of the form,
2a+1 b
3.19
( dc  2d+ 1) ’ ( )

obtaining the same final result.
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obtain,

T . 17 )
Asow) = —3 5B (iU, 1) + (iU, 1) | + (3.20)
r=2,3
T E1/2(iU172) 1 2 El/g(iUr,2)
— | 124——— + — —32 248 —— — | —
360 RS AL A
(k9] (7 /lh.9]
_1 Z Z gk+hj o~ 27pky Ts A[h,g (U[h,g}>+ 1 AKl (L{ )
4 kah T+ Tl

k>3>0, p>0 [h,g]
hg] h,g]
1 AR )
wpkp, Tr + T,

+Z 1)(hitgk)§ g=2npknTy Agch 9] (u[h,g}>
r=2,3

+c.c.,

where .A[ ’g and Ahg] i = 1,2, are given in appendix [A.2.1), ky = k + %, and the shifted
non- holomorphlc Eisenstein series, B /2(U k), are defined as,

(Im U)*
Eq,5(Uk) , 3.21
il W 2 AT T 520
In particular [i4],
3
Ey5(iU, 1) = —%(log|192(iU)|4 + 7Re U + log[(Re U)(Re T)p?]) + const. .  (3.22)

The sum of [h,g] in (B.2(]) extends over [1,0], [0,1] and [1,1], labelling the three types
of F1, multi-instantons contributing to (B.12). The induced complex structure on their

worldvolume is given by,
ylhgl — I+ ipUr +g/2
" k+h/2
corresponding to instantons wrapping the torsional cycles of the twisted cohomology, as

(3.23)

illustrated in figure [j, or alternatively, multi-instantons with discrete Wilson lines («, §) €

{(0,%),(1,0),(1, 5)} .
Subtracting the gauge group dependent part, along the lines of eqgs. (m) and (E), we
obtain the following corrections to the effective Kahler potential and gauge kinetic function,

3 3 .
Q T 7 VZ 00; + VE
K = —log(8 + 8) — > log[(Ti + Ty)(U; + Uy)] + 5 Z % , (3.24)
i=1 1=1
621 E1/2(iU1,2)

Vi = 3.25
1—loop 45 Tl —|—T1 ) ( )
. 1/2(iU, 2)

Vi toop = 10 (q —32q + 248)147 ; (3.26)

1)9k+hi

Vi =— >, Z e~ 2mPknTh (3.27)

k>352>0, p>0 [h,g]

il (0 ,
A (U ) B inpks, “ h (Z/{[h’g]) L oee
T1 + Ty ul[hy] _ Z/—{l[h,g] g| ! o
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/ / / / / / / / / / / /

op; : o+u§z/p> <J+1/gz/p)
/ V Wy / i /
Sl izl 2

(k+1/2,0) (k,0) (k+1/2,0)
[1,0] [01] [1,1]

Figure 3: The three possible types of E1, multi-instantons, [k, g] = {[1,0],[0,1],[1, 1]}, wrapping
torsional cycles in the r-th 2-torus in the SO(g) x SO(32 — ¢) model, with induced worldvolume
complex structure U9 given in eq. () The continues lines represent the lattice of the under-
lying 2-torus. The orbifold generator reversing the transverse coordinates to the instanton, shifts
the lattice to the dashed one.

(hg+gk)(f{+1)

v=- Y Y b E (3.28)

k>3j>0, p>0[h,g]

(hal (7 [hud]
AKé <u7“ g) impkp h
= — X2 UM |+ ce.
T + T, ylhal _gglhal ™ g | T ’
15
Fsog = S+ lUl + 30log Vo (iU) + (¢ — 17) 3 [gU + 2log 02(1Ur)} ~ (3.29)

r=2,3
1 gk+ J

5 oY yE

k>j>0, p>0 [h,g]

_27rpkhT1A‘[f}jig] (uyhg])_’_

+ Z (hj-l-gk —2mpkp Ty Agffég} (uih,g})
r=2,3

9

where Agchz’.g] is defined as fl%g}, but replacing Ey by FEs, and we have introduced the

notation,

h 4 Io) + v 0 o~ Xv
a o] = et ] =2 Xk
g 20 [1—h} N

1-g

o] =] 0. w |y =] s

Several comments are in order. First, notice that the field theory result for the S-function
coefficient, (B.4), is correctly reproduced. The overall structure of the non-perturbative
and loop corrections is very similar to the ones in the BSGP orbifold, but the standard
Eisenstein series and Hecke operators are replaced by the corresponding automorphic forms
of T'9(2). Moreover, there is a non-trivial dependence of the non-perturbative dynamics on
the rank of the gauge group, through the phases exp[im(hj + gk)4]. These would explain
why in the heterotic side the orbifold action on the winding modes is very different, de-
pending on the value of ¢ (c.f. eq. (B.6)). This behavior may resemble in spirit the more
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familiar situation of ordinary gauge theory instantons, where their contributions are often
subjected to constraints depending on the ranks of the gauge group.

By a direct inspection of (B.2(), it is easy to check the fact that instantonic corrections
are gauge-group independent when they come from instantons which are left invariant
by the orbifold operations acting trivially on the gauge degrees of freedom; whereas they
are gauge-group dependent if they come from instantons left invariant by the orbifold
operations which act non-trivially on the gauge degrees of freedom.

Finally, let us mention the possibility of additional non-perturbative corrections coming
from purely N' = 1 sectors, not considered here. Precisely, in [@] it was argued for the ¢ =
32 case, the presence of extra non-perturbative contributions to the gauge thresholds, due
to the combined effect of multi-instantons wrapping different cycles of the internal space.

4. Universality of N/ = 2 corrections

The importance of global symmetries in determining the expression of non-perturbative
and o corrections which come from BPS states has been pointed out very often in the
literature [2§]. The results in the previous sections, based on the S-duality map, reveal
that the string loop and E1 multi-instanton effects coming from A" = 2 subsectors of the
theory arise in terms of non-holomorphic Eisenstein series and Hecke operators relevant to
the global symmetry preserved by the orbifold. In this section, we elaborate on a certain
“universality” of the A/ = 2 corrections computed in the BSGP orbifold. Similar aspects
have been discussed in the context of o’ corrections to the gauge couplings in heterotic
compactifications [34, Bd, R4, B7].

Precisely, we would like to consider toroidal orbifold compactifications on which the
orbifold action, G, contains some subgroup, G?, leaving unrotated a given complex plane.
The contribution of these sectors to the threshold corrections to the physical gauge cou-
plings can be expressed as,

1 A>T .
A, =—= g —Z; A%, 4.1
8 i /F T2 A "’ (4.1)

where the sum runs over the disjoint union of N/ = 2 subsectors, each leaving invariant a
single complex plane, and the gauge group is given by a product G = [[, G,. The lattice
sums, Z;, are given in eq. (B-3), where T; and U; are now the Kihler and complex structure
moduli of the corresponding unrotated complex plane. Moreover, .,Zl?el ~ M®/n?*, with M?
an almost holomorphic modular form of degree 24.

The space of holomorphic forms of degree 24 is a vector space of dimension 2, engen-
dered by the Eisenstein series Eg and Ei’ 3, E4). If we also allow for almost holomorphic
modular forms, we have to include in addition E2E10.13 Hence M/ is in general determined
by three coefficients, which usually can be obtained from the low energy spectrum. More
precisely, imposing the absence of tachyons in the spectrum, we obtain,

i DyoEyg — 5280%] (4.2)

?”,i = 2b; + 20724

13We could also think about including terms with higher powers of E27 e.g. EEEZ However, these terms
are forbidden by N = 2 supersymmetry @]
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where b¢ is the S-function coefficient of the N' = 2 gauge theory associated to a would-be
T /G* orbifold, ~; is a model dependent (but gauge group independent) coefficient to be
determined, and we have made use of the identities,

2 9 1
DioErg = §E§ +E} — §E2E107 = 26,33 [Ef — E§] . (4.3)
Proceeding as in section @ we get,
m(b¢ + 67;) 7y E(iU;, 2)
Ay = Do 2V Re 1y + 0
‘ Z{ R
1 I pkT; | fa Vi AK(UZ)
—= —e PR AS (U;) — —| + c.c.
4 k>j§0:p>0 kp Falth) mkp T; + T
b¢ .
- Z’ (log|n(iU;)|* + log[(Re U;)(Re T;)p?]) } , (4.4)

with Ax and U; defined in (B17) and (R.1§), respectively. From this expression, we can
then extract the corrected Kéahler potential and gauge kinetic functions of the effective
theory, as we did in previous sections, obtaining

& = - 1 ‘/Yli—loo + Vél
K = —log(S+S) — log[(T; + T;)(U; + Uy)] + = ——F =2 - 4.5
ou(S + )~ 3 {loal(T + T Ui+ 0] + 5 =g (4.5
Vi - 4.

' ) =2rkpTi | A (U, 2ikp EioU;
i i e K (Us) ikp 10( )

Vi =2 % ~ i) _ + ce., (4.7)
T j>5>0, p>0 (kp) T+ T, U= U0 ()

m(b¢ +6’yl i ia 1 e~ 2mkpTi
fo=S+ E { — blog n(iU;) — 5 i i) o+
k>35>0, p>0

(4.8)

where the dots refer to possible additional corrections from other sectors. The interpreta-
tion of these terms is similar to the one discussed in sections .3 and P.3.

Notice that these expressions in principle also apply in orbifolds where the heterotic
S-dual description is unknown, and therefore our technique in principle no longer applies.
It would be very interesting to obtain the general formula for the N’ = 2 corrections by
direct computation in the type I orbifold, and to see whether there is agreement with our
conjectured expression.

5. Concluding remarks

In the present paper we explicitly computed the E1 instantonic corrections to the gauge
kinetic function f and to the Kahler potential K in N'= 2 and A/ = 1 type I string vacua
which have known heterotic S-duals. We showed that one-loop threshold corrections to
gauge couplings in the heterotic dual encode one-loop and instantonic corrections for both
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f and K on the type I side, whereas the corresponding direct one-loop type I threshold cor-
rection misses the one-loop correction to the Kahler potential, computed by other methods
in [l and [PJ. We gave arguments based on target-space modular invariance on universality
properties of instantonic corrections in A/ = 2 vacua. It is clear however that our results
apply to the much larger class of models of N' = 1 type I models with N' = 2 subsectors,
like for example the Zg, Zg, Zg or Z12 type I orbifolds.

We performed a similar computation in dual pairs in compactifications on smooth
Calabi-Yau spaces which have an exact CF'T description, based on a recently worked
out class of freely-acting S-dual pairs [[§. We showed that even if the heterotic duals
of perturbatively connected type I models have different orbifold actions in the twisted
(winding) sector, the S-duality maps correctly heterotic o’ corrections into type I instan-
tonic corrections. As a byproduct, we also checked the intuitively obvious statement that
instantonic corrections are gauge-group independent if coming from instantons left invari-
ant by orbifold operations acting trivially on the gauge degrees of freedom, whereas they
are gauge-group dependent if coming from instantons left invariant by orbifold operations
acting non-trivially on the gauge degrees of freedom.

As already argued in [L], it is clear that whereas our discussion was focused on multi-
instantonic corrections to the gauge kinetic function and the Kéahler potential, similar multi-
instanton corrections are expected to occur for the superpotential. A simple argument
can be given in the case (explicitly realized by the string construction of [[[g]) where non-
perturbative gauge (E5 instantonic) effects occur on D9-branes, leading to a superpotential,

Whp = oS+ (U)+frp(UisT7)) ch(Ui) o—2mnT ,—bS (5.1)

Whereas non-perturbative corrections to the superpotential are well-known to play a cru-
cial role in moduli stabilization [[[(], we expect that instantonic corrections to the Kihler
potential may play also an important role in some scenarios of moduli stabilization, for
example in the large-volume scenario [[L3]. Moreover, the instantonic corrections to the
gauge kinetic function are expected to modify the gauge couplings and gaugino masses,
and in particular may become relevant in concrete phenomenological models.

Another interesting direction which our paper has left partially open is the detailed
type I microscopic derivation of the multi-instanton effects obtained here from S-duality,
which should involve in an important way the lifting of fermionic zero-modes by instanton
interactions along the lines of [I§, 9.

It would be, finally, very instructive to perform similar studies in the S-dual pairs of
N =1 orbifold models conjectured in [p(, fI] and learn more about non-perturbative dy-
namics of both sides using o/ corrections on the heterotic side and instantonic computations
on the type I side.
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A. Details on the computations

A.1 The BSGP model
A.1.1 Elliptic genera

In order to express the elliptic genus in terms of ordinary modular forms we use the following

relations,
0] 1 R Uk
4 _ = 2 2 4 _ Y
v ES1 5V30a(V5+ V), v |+1/2] 03+ 92° (A-1)
(+1/2] 1 [41/2] 933
94 = ~09093(93 + 02 v =4 A2
o | 223(2‘1‘3)7 B 19%_’_19%7 (A.2)
[+1/2] 1 , [£1/2] V3
4 _ - 2 2 4 _
i} 1/2] = 50204(02 — 03), ¥ 1) ST m?’ (A.3)
and,
9" [0 ] . 3
C LR T ey 49k — 60202 4 0Y) (A.4)
I|atpp] 3
0" _j:ll 2_ i3
R T 4B, 19k 4 69207 4+ 0Y) | (A.5)
Iarpp| 3
9] e | (03— 503!
-k - = (4F 419 A6
9 i%/z 3 ( 2T 1924_192 ) ) (A.6)
9 _i11/2_ ind (92 21,94
L ] 89t 4 + 793)0;
e .ﬂl/z. =3 <4E2 894 “Bre ) (A7)
9" [+£1/2] 4 9 a4
-Till//;- - % <4E2 — 89 + 704 — 19279 205 192> : (A.8)
v [j:l/2}
Y |12 3 2,94
%//;’] - % <4E2 + 407 — 503 19219 205 192> . (A.9)
v [:Fl/?}
Then it is possible to show that,
1 _ 1 2E.Es  2FEy
A1_2< [ }ﬁﬁﬁf[o} 193793+F[J192792> e = (A.10)
2 5 7
Ay =0? Ay = - ( ByE\Es — —E? — —F3 A1l
2= A = - 2 (maae - 2B} - DY), (A11)
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where 0, acts on the first SO(2) character in T [Z ], with affine parameter 1. Therefore,

- 1 A Ay 1 - 5 7 60
— )| =—= | EbFE —F} - —F})=-244+— A.12
A1 =5 < * w> 12n24< 20T 1276 T g 4) ton o (A1)
The other modular form that we will need in the computation of the thresholds is,
. 1 /. 1\ Eqo
= — —— | =F A3
AK e <Za7' 7_2> ,’724 ( )
Taking into account that Fiy = E4FEg and,
2
0,Ey4 = —%(Eﬁ — EyEy),  0,Eg = —mi(E2 — EyFy), (A.14)
we then obtain,
- 1

12 19,24
A.1.2 Zero orbit

For the zero orbit we have the contribution,

Re T R
M= ——L [ Z14=
8 _7:’7'2

Re Tl d2 A~ —2mi —2mi
- (e~ — 240 4. ) — 72T 04 4 ... A.16
96 /f =z [ (e to) e + ] (A-16)

Making use of the formula ],

A7 - : T
——(Ey) (c_je 2™ )= —24(r + 1)c_ A.17
|G E e ) = e -2 4 Do), (A7
we get,
Ao = %(Re ) . (A.18)

A.1.3 Degenerate orbits

In this case we have to compute the contribution,

Re T} d*r 9 7TRe T1 9
Ag=— — | ——24+0(e MT U A19
=BT [ i) S [Ty aa

where the integration region, Fr, corresponds to the upper band {|r| < 1/2, 72 > 0}.
This can be done using the formula [Rg],

T ] O
/]__T Ttr %exp[ ’ ipU| ] (xRe T)" E@U,r) . (A.20)

Taking into account that,
E@GU,1) = —;(bg InGU)[* + log [(Re T)(Re U)]u?) + const., (A.21)

with z? the infrared regulator and “const.” a renormalization scheme dependent constant
which we will disregard in what follows, we obtain,
m E(iU1,2)

_ . 4 2
Ag = —3(log |n(iU1)|" +log [(Re T1)(Re Up)pu?]) — 3T T T,

(A.22)
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A.1.4 Non-degenerate orbits

Finally, for non-degenerate orbits we need to compute,

_ ReT d*r n)
And - 4 /((:Jr? Z Z<d1 47T’7’2>

2 k>j>0, p#£0 n

. T
x 2™ Texp [—ZWlep — ;;ii U}1| —j—iUp+ k:7'|2] ) (A.23)
where we have expanded,
. E .
Af _ Z dy (n)e27r2m- ’ 10 Z d2 e2minT (A24)

Performing first the integration on 7,

Re Ty)(Re Uy)]Y/2 drs 1 da(n
Apg = [( 1)( ) Z Z/ 3/22 k ( n)— 42757_2)> X

k>j>0, p#£0 n

X €exp |:—27T’i(IH1 T1)kp + 2min (%)}

m(Re T1) n(Re Uy)\? 7p?(Re T1)(Re Uy)
et (F+ Hrer ) ™ S

X exp |—
T2

Then the integral on 75 can be carried out with the aid of,

* dx —ax—b/x T _2vab
/0 me / = Ee s (A25)

*© dx —az—bje _ [ 1 a T _ovab
/0 e - <2b+\/;> Lemavab, (A.26)

And summing over n, we finally get,

And:_i Z

k>j>0, p>0

with Af, Ag and U defined in (2:13), (|:17) and (B13), respectively.

e—27rka1

<Af(U)+WAK(U)> + cc (A.27)

kp T+ 1Y)

A.2 The SO(q) x SO(32 — ¢) model
A.2.1 Elliptic genera

The relevant characters for this model are,

_E] _ L girzglo-a/2 | gaf2416-q/2 A28
Xo+ Xv = ¢+ Xo—Xv—W(g 4 +Uy V3 ) (A.28)
Then, it is possible to show that,
: 0303 (1 O 0393 E4(E>Ey — Ee) 124
AN = 2374 (. — 1374 =60~ —— +--- (A29
fi 4nd \ 1o Ly ™ (Xo +xv) 124 Ty * ( )
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2,92 2
jon] _ 9395 (1 0y _
Aﬁg = 47”7 ( + . (Xo Xv)
¥292 2 416—q/2 2 416—q/2, £
= 5t (032030712 (B, + 05— 0) + 03200 (B — v — 0

2
— 32q — 248
¢ =32 248

- 4(q B 17) B 27Ty

The other modular forms that we need are,

[8Es + E4(9] + 93) + 2F2 By

i 1 1\ (Egd394)? Eg92093
AEIO<’,11]EE<Z'57——>( 1U304)"  E4¥307

T 2t T 24
) 1/ 9292
Al = (@ - —> it e AR A
U307 [ 16—q/2 ga/2
9, Yl Fy 143 93 + 2003
= 96,28 [ <8 +< > 2

93092/ <8E2 - ( 4 %) 04+ 2003)} ,
Finally, we define S and the ST~ transformed forms,

Ay = AR (sry Ay = AR sr1r)
Ay (1) = A (s7) A (r) = Ag (5171

fori=1,2.

A.2.2 Degenerate orbits

For the degenerate orbits we have the contribution,

1 d>r 124 7Re T} 1
- = S 60— - 4+... | (Re T U
d s/fT 72 pj{( o >( e Th)exp |~ »ReU; |1 T2 TPU
2 —32¢ — 248 fReT. | 1
Y 1)L om0, T,
+T 23( ¢=17)- oy T >(Re Jexp | = “Re U, /T3 tPUr

where the dots correspond to order O(e?™7)

Proceeding as in section [A.1.3, we obtain,

T . — 17 .
Ad = —5 [5E1/2(ZU1,1) + g 3 ( ry )]
r=2,3

™ E1/2 ('iUl, 2) 1 2 E1/2 ('iUT», 2)
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with By 5(U, k) the shifted non-holomorphic Eisenstein series defined in (B.21]).
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(A.30)

(A.31)

(A.32)

2

}

terms not contributing to the final expression.

(A.35)



A.2.3 Non-degenerate orbits
We begin computing the contribution from non-degenerate orbits of type I. This is given by,
1 dzT G 2miTn k
ha=-7 L X ey
p#0,k>35>0n=0

da(n)
4179

X (Re Tl) <d1 (’I’L) —

Re T 1
> exp <—27Tk:pT1 _ el kT —j — = — z'pU1|2>

TQRe U1 2

dy(n) ak mRe T; 1
S (Re T, ERLIUOA Y o hpT— T e~
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where we have performed the expansions,
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Proceeding exactly in the same way as in section [A.1.4, we obtain,

L Axiea™)
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Ay @)
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r=2,3

c., (A.36)

with 24" defined in (B-23).

For type II (type III) non-degenerate orbits we proceed in the same way, but perform-
ing a change of variables by the corresponding coset representative, 7 — S7 (1 — ST~17),
obtaining,

Ay @)
m (k+ 1) (Ty +Th)

1 —1) okt d 211,0] 1, ,[1,0
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r=2,3
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